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BICEP2 result on the tensor to scalar ratio r indicates a blue tilt in the primordial gravitational
wave spectrum. This blue tilt and the observed large value r = 0.2 are difficult to accommodate
within the single field inflationary scenarios under standard conditions. Non Bunch-Davies vacuum
states have been proposed as a possibility. Such vacuua are known to lead to pathologies. In this
note we propose to interpret them as excited/squeezed states built over the standard Bunch-Davies
vacuum and discuss the associated entanglement properties due to de Sitter horizon, and how such
an approach may be more natural in the context of inflation.
PACS numbers:
In the last one decade or so cosmology has entered the
precision era with WMAP [1] and PLANCK [2] dramat-
ically improving upon the COBE observations [3] and
providing an accurate set of measurements for other cos-
mological parameters. Very recently, BICEP2 announced
the result on the measurement of the ratio of tensor
to scalar spectrum, r [4]. The quoted result for r is
0.2+0.07−0.05 (with foreground subtraction the central value
reads r = 0.16). If the BICEP result is confirmed by
other experiments, this would constitute a direct signa-
ture of primordial gravitational waves. PLANCK collab-
oration had provided with an upper limit on r [2], though
at different ℓ value than that of BICEP2. There is there-
fore some tension between the two values.
Inflationary paradigm [5] predicts the power spectra
of both the scalar and the gravitational amplitudes (see
for example [6] for a quick introduction to the basics
and relevant expressions). However, a large value of r
as measured by the BICEP2 collaboration is difficult to
achieve in the usual single filed slow roll models. Typi-
cally, these models predict that the scalar spectral index
ns − 1 = d lnPS/d lnk ∼ −2ǫ while the tensor spectral
index nT = d lnPT /d ln k = −2ǫ. There is an additional
’consistency relation’, r = 16ǫ = −8nT , which ties the
two in a simple but strong fashion. The main difficulty,
apart from satisfying the large value of r, is the fact that
an inflationary model should predict a positive (implying
a blue tilt for the gravitational wave spectrum as opposed
to the observed red tilt for the scalar power spectrum)
and large nT which is is hard to achieve in simple models.
Attempts have been made to reconcile the BICEP2 result
and the PLANCK upper limit by relaxing some of the
conditions/constraints while fitting to the data sets [7].
Another interesting possibility is to consider departure
from the usual Bunch-Davies vacuum to get enhanced
spectra [8] (see also [9] for some early work). This will
the focus of this note.
We begin by first recalling some of the properties and
pathological implications of non Bunch-Davies vacuum
states (for the issues about quantum field theory in de
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Sitter space that are relevant for the present discussion
see [10]). For simplicity consider a scalar filed ϕ in the
de Sitter space. The arguments can be straightforwardly
carried over to the graviton. It is known that there is
no unique vacuum state in a general curved space-time.
Given a quantum field, one expands it in terms of a com-
plete set as
ϕ =
∑
n
[anϕ
(+)
n + a
†
nϕ
(−)
n ] (1)
where an and ϕ
(+)
n are the annihilation operators and
positive energy mode functions. Since there is no unique
vacuum state, one could expand the same field in terms
of a different set of mode functions:
ϕ =
∑
n
[a˜nϕ˜
(+)
n + a˜
†
nϕ˜
(−)
n ] (2)
The two sets are related to each other via the Bogoliubov
transformations:
ϕ˜(+)n = ϕ
(+)
n coshαn + ϕ
(−)
n e
iβn sinhαn (3)
or in terms of the creation and annihilation operators1
a˜n = an coshαn − a†ne−iβn sinhαn (4)
This again displays the fact that the positive frequency
modes do not remain positive frequency modes unless
αn are chosen such that the second term above vanishes.
In the de Sitter space-time, the common choice is the
so called Euclidean or the Bunch-Davies vacuum (some-
times also referred to as thermal vacuum) [11]. In this
case, one solves the equation of motion (in conformal
time, η) and then demanding that the solution has the
correct Minkowski form for high frequencies as η → −∞,
one picks out one of the two independent solutions. The
end result is (for η → −∞)
ϕ
(+)
k = H
(2)(kη)→
(
2
πkη
)
e−ikη (5)
1 A general Bogoliubov transformation takes the form:
a˜n = A∗nn′an′ −B
∗
nn′
an′ with the condition |A|
2 − |B|2 = 1.
2and ϕ
(−)
k = (ϕ
(+)
k )
∗ = H(1)(kη) where H(1,2) are
the Hankel functions. We therefore have two vacuua:
an|E〉 = 0 and a˜n|α〉 = 0. In the notation we follow, |E〉
denotes the standard Bunch-Davies or Euclidean vacuum
and |α〉 denotes the other vacuum choice, called α-vacuua
[12]. α = 0 leads to the Euclidean vacuum. It is known
that Eq.(1) respects the de Sitter invariance of the back-
ground space-time, while for the Eq.(2) this happens only
if αn = α (i.e. n-independent). We therefore choose to
work with this choice. Further, βn 6= 0 in Eq.(3) implies
time reversal non-invariance (and also CPT). We thus set
βn to zero. The Euclidean vacuum is easily obtained from
the Euclidean de Sitter i.e. sphere via analytic continua-
tion and results in the well known two point functions
GE(x, x
′) = 〈E|ϕ(x)ϕ(x′)|E〉 ∝ 2F1
(
h+, h−,
d
2
,
1 + Z
2
)
(6)
where 2F1 is the hypergeometric function, d is the space-
time dimensionality, h± = (d − 1)/2 ± iν with ν =√
m2 − (d−12 )2 and Z is the invariant distance between
two points. Z(x, x′) is greater (less) than unity for time-
like (space-like) intervals while its is unity for light-like
separations. In the above equation, we have considered
the two point function (Wightman function) but we shall
interchangeably talk about the Hadamard function G(1)
which is nothing but the vacuum expectation of the anti-
commutator. This function captures the state depen-
dence. One can now evaluate Hadamard function G
(1)
α in
terms of the Euclidean modes
G(1)α (x, x
′) = cosh 2αG
(1)
E (Z) + sinh 2αG
(1)
E (−Z) (7)
which shows that the α vacuum function not only de-
pends on Z but also on the antipodal point −Z. This
feature shows up in other two point functions like the
Feynman propagator as well and it is this which is at the
heart of pathologies. Specifically, the two point functions
have singularities at the antipodal points. Such points
are separated by a horizon 2. Moreover, α vacuum two
point functions have non-Minkowski analytic structure
in the coincident limit, coming via the contributions due
to negative frequency modes. These observations already
raise serious doubts about interpreting α vacuua as sensi-
ble vacuum states. The difficulty with this becomes more
serious in an interacting field theory.
Before proceeding further, let us introduce an equiva-
lent way of representing the α modes:
ϕ˜(+)n = Nα′ [ϕ
(+)
n + ϕ
(−)
n e
α′ ] (8)
whereNα′ = 1/
√
1− eα′+α′∗ and α′ a complex parameter
with Re(α′) < 0 and the Euclidean vacuum is obtained
2 Recall that the de Sitter space has a horizon and also carries
Gibbons-Hawking temperature TdS = H/(2pi) [13], where the
Ricci scalar R = 12H2.
for Re(α′) → −∞. Again, a complex α′ will lead to
troubles with CPT and thus we choose it real. The two
representations are related to each other via the variable
transformation eα
′
= tanhα.
As already discussed above, the α vacuum correlation
functions have peculiar properties even in the free field
theory limit and one would not want to consider them any
further. Before doing so, it is worthwhile to have some
more check. Consider an Unruh detector moving along
a time-like geodesic and with a linear coupling to the
field [14]. Denoting by D the operator which acts on the
states of the detector (|Ei〉), the detector-field coupling
is of the form
∫
dt ϕ(t)D(t). The transition rate between
two states of the detector can be evaluated to be
Rijα = REi→Ejα
= |〈Ej |D|Ei〉|2
∫
dte−i(Ej−Ei)tGα(x(t), x(0)) (9)
Using the explicit form (and properties) of Gα it is
straightforward to convince oneself that only for the
choice of the Euclidean vacuum i.e. α = 0 (or equiva-
lently α′ = −∞), one has
Rijα=0
Rjiα=0
= e−2pi(Ej−Ei)/H (10)
which is the expected thermal behaviour and gives the
associated temperature to be T = H/(2π) in conformity
with the Gibbons-Hawking temperature of the de Sitter
space. For any other choice of α one therefore has a
general result that the detailed balance may not work.
This observation again singles out the Euclidean or the
Bunch-Davies vacuum as a preferred and unique choice.
Let us next ask if there is a way to interpret the α
vacuua. The Bogoliubov transformation Eq.(3) can be
formally thought of as achieved via the action of a uni-
tary operator (this is all familiar from quantum optics
where squeezed states are constructed by the action of
such unitary operators [15]):
S(ξ) = exp[
∑
n
1
2
(ξa†2n − ξ∗a2n)] (11)
such that S(ξ)anS(ξ)
† = a˜n. In the α
′ representation,
ξ = 14 ln[tanh(−α′/2)]. Now, instead of trying to inter-
pret the α vacuua as genuine vacuum states, one could
take the view point that these are excited states built over
the Euclidean vacuum.3 Given these excited/squeezed
states, it is then straightforward to evaluate various cor-
relators and one hopes that various pathological issues
3 Strictly speaking, for αn = α i.e. independent of n, the overlap
between the vacuum and the α state is zero. This orthogonal-
ity would therefore forbid their interpretation as excited states.
However, in an effective theory sense, one can still have this de-
scription allowed and this is the standpoint what we adopt here.
3disappear. However, once again we are confronted with
the situation that the expectation value of the two point
(and higher point) functions of the quantum field in these
states |α〉 depends on the antipodal point leading to non-
local behaviour. This is possible if the states of the sys-
tem are entangled leading to EPR [16] like effects.
We now ask the question if such a thing is plausible or
does one have to simply assume it if these states are to
be put to any use. Since the de Sitter space, like a black
hole, has a horizon, the space naturally gets divided into
two regions. This therefore implies that given a quantum
field, there will be non-trivial correlations between the
modes inside and outside the horizon. The modes out-
side (inside) the horizon are not accessible to an observer
within (outside) the horizon and therefore the natural
approach would be to trace the modes outside (inside)
the horizon and use the reduced density matrix thus ob-
tained. With an appropriate choice of α (or α′), the de-
sired squeezed state |α(′)〉 can therefore be constructed.
This state is clearly not a pure state but a mixed state
and therefore we can expect non-local EPR like effects.
In the context of inflation, one can think of the scale at
which a given mode exits the horizon: k∗ = aH . The
Fourier modes of the quantum field now naturally get
divided in two sets - modes with k < k∗ and k > k∗.
In an interacting field theory (interactions can be in the
matter sector itself like ϕ4 terms or can eventually arise
due to gravity), this will lead to momentum space entan-
glement between these two set of modes. The end result,
qualitatively, is a mixed state after tracing out one set of
the modes, but now in the momentum space. Consider
two modes - one inside and one outside the horizon and
attach comoving observers with both. The two observers
feel a relative constant acceleration between them. Ap-
proximating the near horizon geometry by the Rindler
geometry, one can easily obtain the reduced density ma-
trix corresponding to the state in Region I of the Rindler
space-time by tracing over the states in the causally dis-
connected Region II. The reduced density matrix reads
(see for example [17])
ρI ∼ 1
cosh2 α
∑
n
tanh2n α |n〉I〈n|I
= (1− e−2piω/H)
∑
n
(e−2piω/H)n |n〉I〈n|I (12)
The above is a thermal state with Unruh temperature
TUnruh = H/(2π) = TdS. This is correct up to terms
O(α = tanh−1[e−pik/(aH)]) (reason for ’∼’ in the first
line of the above equation) which are rather small for
k ≥ aH , where ω has been traded off in favour of k and
now expressed as physical momentum. The state of the
field in the infinite past is assumed to be the vacuum
state which corresponds to the two mode squeezed state
(as in quantum optics) in the late future.
A squeezed state can be constructed by acting the co-
herent state displacement operator D(α) followed by the
squeezing operator S(ξ) on the vacuum state |E〉. Since
for the harmonic potential the coherent state stays a co-
herent state under time evolution (only the complex pa-
rameter changes by a phase), it is not difficult to estab-
lish that a squeezed state also remains a squeezed state
with the only change that the parameters α and ξ pick
up phase factors with phases ωt and 2ωt respectively.
This conclusion is expected to change when non-trivial
interactions are considered. The detailed investigation of
effect of interactions is beyond the scope of this note and
we leave it to a separate study [18]. For the time being we
consider a theory with two fields with some reasonable
interactions, both self interactions and with each other.
In this toy theory, the future squeezed state is now going
to be rather complicated and will depend on the creation
and annihilation operators of the two fields. On generic
grounds there is no reason for the two point functions of
these two fields evaluated in this complicated squeezed
state to be identical. It should therefore be not surpris-
ing that the power spectra of the two fields have different
momentum dependence. In particular, it may be possi-
ble, at least in a toy theory with tuned interactions, that
power spectrum of one field is nearly scale invariant while
the other field has a power spectrum with a positive scale
dependence.
All what has been discussed above can now be applied
to the case of inflation. In the single field inflation, there
are two fields: the inflaton field, a scalar with a poten-
tial which in principle can have self-interactions, and the
graviton field, a symmetric transverse traceless tensor.
In the language of the toy theory considered above, the
inflaton field is the one whose power spectrum is nearly
scale invariant (nS − 1 = −2ǫ) while the graviton has a
blue tilted power spectrum with nT ∼ 1 and r consistent
with the PLANCK limit.4 This scenario has been shown
to be consistent with the cosmological data, including the
BICEP2 results when the in vacuum is chosen to be the
Euclidean vacuum and the out vacuum is chosen to be the
one corresponding to a static observer (see S. Mohanty
and A. Nautiyal in [8]). This corresponds to the iden-
tification α′ = −πk/(aH). As we have discussed above,
instead of interpreting as a vacuum state, it is more ap-
propriate to view the transformed state as a squeezed
state. Another advantage in considering these states as
excited states rather than alternate vacuum states is that
by definition a vacuum state would have to be annihi-
lated by the annihilation operators of both the fields in
the toy theory. Therefore one would have to invoke some
mechanism by which the power spectrum of only one of
them gets significant corrections. As argued above, the
squeezed state interpretation has the potential to natu-
rally address this aspect.
One therefore notes that the discussion and the con-
4 Whether it is possible to have such a sce2nario realised with a
realistic inflaton potential remains to be established. For the
present purpose we assume that it does realise.
4struction outlined above provides strong theoretical basis
to scenarios where correlation functions are evaluated in
more general states. The states, though, can not be cho-
sen completely arbitrarily and are supposed to be con-
structed following a well defined set of rules. General
mixed states have been considered on a somewhat phe-
nomenological level. They should be subjected to the
checks dictated by the prescribed set of rules. It is still
possible to have multiple such states which turn out to
be consistent with the data at present. As an example,
consider a different scenario scenario consistent with data
where the scalar spectrum also has a non-negligible mo-
mentum dependence together with the tensor spectrum.
As we have argued above, it may be possible to achieve
such a scenario by appropriately choosing the potential.
The question to be addressed next is which one of the two
describes our universe. The answer and the capability to
differentiate lies in the higher point correlation functions
and therefore future measurements or limits on the non-
Gaussianities will be essential in settling this issue.
In this note we have focused our attention on the α
vacuum states and their interpretation in the light of
the recent results on the primordial gravitational wave
observations by BICEP2 collaborations. Non Bunch-
Davies/Euclidean vacuum states have been proposed as
a solution to the observed blue tilt of the tensor power
spectrum and further to reconcile the positive large value
of r as announced by the BICEP2 and the PLANCK up-
per limit on r. From the point of view of quantum field
theory, α vacuua lead to various pathologies like unde-
sirable singularity structure of the correlation functions
and departure from the standard thermal behaviour of
an Unruh detector. Interpreting these as excited states
is an interesting possibility and we have argued that such
an interpretation seems to be quite natural. It naturally
leads to mixed states and this is consistent with the pres-
ence of the de Sitter horizon. We have further pointed
out that it may be possible to construct potentials and
interactions, albeit fine tuned, which can lead to desired
features in the scalar and tensor power spectra. Whether
in practice it is easy to realise such a construction remains
to be explored. It is worth mentioning that on the the-
oretical side, there have been recent studies on comput-
ing entanglement entropy in de Sitter space both in the
Euclidean [19] and α vacuua [20]. It is found that the
entanglement entropy increases monotonically with the
value of α. It would be interesting to consider an inter-
acting theory and compute the entanglement entropy in
the squeezed states. Such a theoretical exercise may per-
haps shed some further light on the nature of these states
in such a context. A particularly relevant quantity would
be the entanglement entropy in the momentum space and
its scaling properties. This will be investigated elsewhere
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